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2-Groups of maximal class
We classify here the title groups and note that such groups must
be of exponent > 4 if both D8 and H2 = 〈a,b | a4 = b4 = 1,
ab = a−1〉 appear as subgroups (Theorem 1.1). This solves a
problem stated by Y. Berkovich in [Y. Berkovich, Groups of Prime
Power Order, I and II (with Z. Janko), Walter de Gruyter, Berlin,
2008]. On the other hand, if G is a nonabelian ﬁnite 2-group all
of whose minimal nonabelian subgroups are non-metacyclic and
have exponent 4, then G must be of exponent 4 (Theorem 1.5).
We also solve a more general problem Nr. 1475 of Berkovich
[Y. Berkovich, Groups of Prime Power Order, I and II (with Z. Janko),
Walter de Gruyter, Berlin, 2008] by classifying nonabelian ﬁnite 2-
groups of exponent 2e (e  3) which do not have any minimal
nonabelian subgroup of exponent 2e (Theorem 1.6). Finally, we
prove Lemma 1.7 which might be useful for future investigations.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
We consider here only ﬁnite 2-groups and our notation is standard. We shall determine the
structure of nonabelian 2-groups all of whose minimal nonabelian subgroups are metacyclic and
have exponent 4, i.e., they are isomorphic to D8, Q 8 or H2 = 〈a,b | a4 = b4 = 1, ab = a−1〉. In
[2, Theorem 2.3] are determined nonabelian 2-groups all of whose minimal nonabelian subgroups
are isomorphic to D8 or Q 8. In [3, Theorem 1.3] are determined nonabelian 2-groups all of whose
minimal nonabelian subgroups are isomorphic to Q 8 or H2. In this paper we determine the title 2-
groups G which possess as subgroups both D8 and H2 (and possibly Q 8). It turns out, as a surprise,
that such 2-groups G must be of exponent > 4. More precisely, we prove the following result.
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have exponent 4 and assume that D8 and H2 = 〈a,b | a4 = b4 = 1, ab = a−1〉 (and possibly Q 8) actually
appear as subgroups of G.
Then G has a unique abelian maximal subgroup A of exponent > 4 and an involution t ∈ G − A such that t
inverts each element in A/Ω1(A) and inΩ2(A) and there is an element a ∈ A of order> 4 such that at = a−1ζ
with 1 = ζ ∈ Ω1(A), where in case that 1(A) is cyclic, then ζ /∈1(A).
Conversely, all these 2-groups satisfy the assumptions of the theorem.
In the proof of this theorem we shall use often the following three known results.
Proposition 1.2. (See [2, Lemma 2.1].) Let G be a nonabelian p-group and let A be a maximal abelian normal
subgroup of G. Then for any x ∈ G − A, there is a ∈ A such that 〈a, x〉 is minimal nonabelian.
Proposition 1.3. (See [2, Lemma 2.2].) Let G be a nonabelian 2-group all of whose minimal nonabelian sub-
groups are of exponent 4 and let A be a maximal normal abelian subgroup of G. Then all elements in G − A
are of order  4 and so either exp(A) = 2 or exp(A) = exp(G). If x ∈ G − A with x2 ∈ A, then x inverts each
element in 1(A) and in A/Ω1(A). If exp(G) > 4, then either G/A is cyclic of order  4 or G/A ∼= Q 8 .
Proposition 1.4. (See [2, Proposition 1.3].) Let G be a two-generator p-group such that |G ′| = p. Then G is
minimal nonabelian.
If we consider nonabelian 2-groups G all of whose minimal nonabelian subgroups are non-
metacyclic and have exponent 4, then it is easy to prove that exp(G) = 4. In fact, we prove the
following result.
Theorem 1.5. Let G be a nonabelian 2-group all of whose minimal nonabelian subgroups are non-metacyclic
and have exponent 4. Then exp(G) = 4, Ω1(G) is elementary abelian and if A is a maximal normal abelian
subgroup of G containing Ω1(G), then Φ(G)Ω1(A) is elementary abelian and 1(A) Z(G).
Proof. Since D8 is not a subgroup of G , Ω1(G) is elementary abelian. Let A be a maximal normal
abelian subgroup of G containing Ω1(G). Suppose that exp(G) > 4. By Proposition 1.3, |G : A| = 2, all
elements in G − A are of order 4 and if x is one of them, then x acts invertingly on 1(A). Let y
be an element of order 4 in 1(A). Then yx = y−1 which implies that 〈x, y〉 ∼= Q 8 or 〈x, y〉 ∼= H2, a
contradiction.
We have proved that exp(G) = 4 and so exp(A) 4 and G/A is elementary abelian . Then Φ(G) =1(G)  Ω1(A) and so Φ(G) is elementary abelian. If a ∈ A and g ∈ G with [a, g] = 1, then 〈a, g〉
is minimal nonabelian. Indeed, [a, g] is an involution in Ω1(A) and 1 = [a, g2] = [a, g][a, g]g so that
[a, g] commutes with a and g and therefore 〈a, g〉′ = 〈[a, g]〉. By Proposition 1.4, 〈a, g〉 is minimal
nonabelian.
We prove that 1(A) Z(G). Indeed, let a ∈ A be such that a2 /∈ Z(G). Then there is g ∈ G with
[a2, g] = 1. But then [a, g] = 1 and so, by the previous paragraph, 〈a, g〉 is minimal nonabelian. In
that case a2 ∈ Φ(〈a, g〉) = Z(〈a, g〉) and so [a2, g] = 1, a contradiction. 
Remark 1.1. It is easy to see that the group H16×C4 contains both non-metacyclic minimal nonabelian
2-groups of exponent 4, namely, H16 = 〈a,b | a4 = b2 = 1, [a,b] = z, z2 = [a, z] = [b, z] = 1〉 (of order
16) and H32 = 〈a,b | a4 = b4 = 1, [a,b] = z, z2 = [a, z] = [b, z] = 1〉 (of order 32) and each minimal
nonabelian subgroup of H16 × C4 is non-metacyclic.
We also solve a more general problem by classifying nonabelian ﬁnite 2-groups of exponent 2e
(e  3) which do not have any minimal nonabelian subgroup of exponent 2e . More precisely, we
prove the following result.
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nonabelian subgroup of exponent 2e . Then G has a unique maximal normal abelian subgroup A. The factor-
group G/A is either cyclic or generalized quaternion and each element in G − A is of order < 2e . Also, G
possesses (at least one)metacyclic minimal nonabelian subgroup.
Finally, we prove a lemma which might be useful for future similar investigations.
Lemma 1.7. Let G be a 2-group such that all subgroups of Φ(G) are normal in G. Then Φ(G) is abelian and
|G : CG(Φ(G))|  2. If |G : CG(Φ(G))| = 2, then each element x ∈ G − (CG(Φ(G)) is of order  4 and x
inverts each element in Φ(G).
Proof. By our assumption, Φ(G) is Dedekindian. Suppose that Φ(G) is nonabelian. Then Φ(G) pos-
sesses a subgroup Q ∼= Q 8. Since Q is normal in G and each cyclic subgroup of Q is normal in G ,
it follows that no element in G induces an outer automorphism on Q and so G = Q CG(Q ) with
Q ∩ CG(Q ) = Z(Q ). If M is a maximal subgroup of G containing CG(Q ), then Q  M which contra-
dicts to the fact that Q Φ(G). We have proved that Φ(G) is abelian.
Suppose that Φ(G) is cyclic. Let P be a cyclic subgroup of G which contains Φ(G) with
|P : Φ(G)| = 2. Let x ∈ G − P so that x2 ∈ Φ(G) and P is a maximal cyclic subgroup of index 2 in
P 〈x〉. By the structure of such groups, x either centralizes Φ(G) or x inverts Φ(G).
Now assume that Φ(G) is noncyclic so that Φ(G) = Z1 × · · · × Zn , where Zi are cyclic and n > 1.
Set Zi = 〈ai〉 and K = Z1 ×· · ·× Zi−1 × Zi+1 ×· · ·× Zn and consider G/K . By the above, for each x ∈ G
we have axi = aik or axi = a−1i k for some k ∈ K . But Zi is normal in G and so k = 1. We have proved
that each x ∈ G either centralizes or inverts each Zi , i = 1,2, . . . ,n.
Suppose that Φ(G) possesses a subgroup 〈v,w〉 ∼= C4 × C4 such that for an element x ∈ G we have
vx = v−1 and wx = w . In that case, (vw)x = v−1w = v2(vw) which contradicts the fact that 〈vw〉 is
normal in G .
We have proved that each element x ∈ G either centralizes Φ(G) or inverts each element in Φ(G).
This gives |G : CG(Φ(G))|  2. Suppose that |G : CG(Φ(G))| = 2 and let x ∈ G − (CG(Φ(G)). Since x
acts invertingly on Φ(G) and x2 ∈ Φ(G), it follows that o(x2) 2 which gives o(x) 4. Our lemma is
proved. 
2. Proof of Theorem 1.1
Let G be a 2-group satisfying the assumptions of Theorem 1.1 and let A be a maximal normal
abelian subgroup of G . We shall use freely Propositions 1.2, 1.3 and 1.4. It follows that all elements in
G − A are of order  4.
(i) We show that G/A is elementary abelian.
Suppose that this is false. Then there is an element v of order 4 in G − A such that v2 = t /∈ A.
Set T = A〈v〉, A0 = CA(v) and T0 = A0 × 〈v〉 so that A = A0 and T = T0. Let T1  T be such that
T1 > T0 and |T1 : T0| = 2. Set A1 = T1 ∩ A so that |A1 : A0| = 2. Note that T ′1  A ∩ T0 = A0  Z(T1)
and so cl(T1) = 2. Let a be any element in A1 − A0 so that a2 ∈ A0. We get 1 = [a, v] ∈ A0 and
[a, v]2 = [a2, v] = 1 and so [a, v] is an involution in Z(T1). This gives 〈a, v〉′ = 〈[a, v]〉 and so 〈a, v〉 is
minimal nonabelian. Set 〈a, v〉 ∩ A = A∗  〈a〉 so that 〈a, v〉 = A∗〈v〉 with A∗ ∩ 〈v〉 = {1}. If |A∗| = 2,
then 〈a, v〉 = A∗ ×〈v〉 is abelian, a contradiction. Hence |A∗| = 4 so that 〈a, v〉 ∼= H2 and A∗ = 〈a〉 ∼= C4
with av = a−1. We have proved that all elements in A1− A0 are of order 4 and they are inverted by v .
Since 〈A1 − A0〉 = A1, v acts invertingly on A1 so that A0 = CA(v) is elementary abelian and t = v2
centralizes A1.
Set A2 = CA(t) so that A2  A1, A2 = A and A2 is 〈v〉-invariant which gives that T2 = A2〈v〉
is a subgroup of T , T2 = T and T2 ∩ A = A2. Let T3 be a subgroup of T such that T3 > T2 and
|T3 : T2| = 2 and set A3 = T3 ∩ A so that |A3 : A2| = 2. Let b be any element in A3 − A2 so that
b2 ∈ A2 = CA(t). It follows that 1 = [b, t] ∈ A ∩ T2 = A2 and 1 = [b2, t] = [b, t]b[b, t] = [b, t]2 so that
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elements in A3 − A2 are of order  4 so that A3 = 〈A3 − A2〉 is of exponent 4. If o(b) = 2, then
o(ba) = 4, where a ∈ A1 − A0 and o(a) = 4. In any case, there is an element w ∈ A3 − A2 of order 4
which together with 〈w, t〉 ∼= D8 gives wt = w−1.
Suppose that there is an involution u in A2 − A1. Then 1 = [u, v] ∈ A and we get
1 = [u2, v] = [u, v]u[u, v] = [u, v]2 and 1 = [u, v2] = [u, v][u, v]v ,
so that [u, v] is a central involution in 〈u, v〉. Hence 〈u, v〉 is minimal nonabelian with a noncentral
involution u which gives 〈u, v〉 ∼= D8. But then vu = v−1 and so [u, v] /∈ A, a contradiction. We have
proved that all element in A2 − A0 are of order 4. In particular, w2 ∈ A0 = CA(v). We compute
1 = [w2, v] = [w, v]w [w, v] = [w, v]2 and so [w, v] ∈ T2∩ A = A2 is an involution in A2 and therefore
[w, v] ∈ A0 = CA(v). It follows that [w, v] ∈ Z(〈w, v〉) and so 〈w, v〉 is minimal nonabelian with
〈w, v〉 ∩ A  〈w〉 ∼= C4 so that 〈w, v〉 ∼= H2 and 〈w, v〉 ∩ A = 〈w〉 which implies wv = w−1. But then
wt = wv2 = w which contradicts a result from the previous paragraph.
(ii) We prove that exp(G) > 4.
Suppose that this is false. In what follows we assume that exp(G) = 4. In that case G ′  1(G)
Ω1(A) and so 1(G) is elementary abelian. Since H2 is a subgroup of G , we have |1(G)| 4.
(ii1) If a ∈ A and x ∈ G with [a, x] = 1, then 〈a, x〉 is minimal nonabelian. In that case 〈a, x〉 ∼= D8 if and only
if a or x (or both) is an involution.
Indeed, 1 = [a, x2] = [a, x][a, x]x and so [a, x] ∈ Ω1(A) is an involution which commutes with a
and x. Hence 〈a, x〉′ = 〈[a, x]〉 and so, by Proposition 1.4, 〈a, x〉 is minimal nonabelian.
(ii2) We have 1(A) = {1} and 1(A) Z(G).
Assume that A is elementary abelian. Let H = 〈a,b | a4 = b4 = 1, ab = a−1, a2 = z, b2 = u〉 be a
subgroup of G so that H ∩ A = 〈u, z〉 ∼= E4. Let t be an involution in A − (CA(a) ∪ CA(b)). By (ii1),
we have 〈t,a〉 ∼= 〈t,b〉 ∼= D8 and so at = a−1 = az and bt = b−1 = bu. We get (ab)t = (ab)zu and so
[t,ab] = 1. Again by (ii1), 〈t,ab〉 ∼= D8 and so (ab)t = (ab)−1 = (ab)(ab)2 = (ab)u, a contradiction. We
have proved that 1(A) = {1}. Let a ∈ A and assume that a2 /∈ Z(G). Then there is g ∈ G such that
[a2, g] = 1. But then [a, g] = 1 and so (ii1) implies that 〈a, g〉 is minimal nonabelian. In that case,
a2 ∈ Φ(〈a, g〉) = Z(〈a, g〉) and so [a2, g] = 1, a contradiction. We have proved that 1(A) Z(G).
(ii3) We have 1(G)  Z(G) which implies that each maximal abelian subgroup of G is also normal in G.
Whenever x, y ∈ G with [x, y] = 1, then 〈x, y〉 is minimal nonabelian.
Suppose that this is false. Then there is v ∈ G − A such that v2 /∈ Z(G) and v2 ∈ Ω1(A). In that
case there is w ∈ G − (A〈v〉)such that [w, v2] = 1. By (ii1), 〈w, v2〉 ∼= D8 and so (replacing w with
wv2, if necessary), we see that there is an involution t ∈ G − (A〈v〉 such that 〈t, v2〉 ∼= D8. We study
the two-generator subgroup H = 〈t, v〉 and set A0 = H ∩ A. Since H/A0 ∼= E4, we have Φ(H) = A0 and
A0 is elementary abelian. Hence [t, v] is an involution in A0 and 1 = [t2, v] = [t, v]t[t, v] shows that
t commutes with [t, v]. If [t, v] also commutes with v or tv , then [t, v] ∈ Z(H), 〈t, v〉′ = 〈[t, v]〉 and
so 〈t, v〉 is minimal nonabelian. But in that case v2 ∈ Φ(H) = Z(H) and [t, v2] = 1, a contradiction.
We have proved that CH (A0) = A0 and so A0 (being elementary abelian) is a maximal normal abelian
subgroup of H .
We have seen already that D8 ∼= 〈t, v2〉 is a subgroup of H . Suppose that H2 is not a subgroup
of H . In that case we are in a position to use Theorem 2.3 in [2]. If H is quasidihedral, then 〈v〉
is normal in H in which case v2 ∈ Z(H), a contradiction. It follows that H = H0 Z(H), where H0 is
extraspecial and 1(Z(H)) Z(H0). But in the last case A0 =1(H) Z(H), a contradiction. We have
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contrary to the fact that A0 is elementary abelian.
We have proved that 1(G)  Z(G) and so G is of class 2 which implies that each maximal
abelian subgroup of G is also normal in G . Let x, y ∈ G with [x, y] = 1. Then [x, y] ∈ 1(G)  Z(G)
and 1(G)Ω1(A) so that 〈x, y〉′ = 〈[x, y]〉 is of order 2 and so 〈x, y〉 is minimal nonabelian.
(ii4) D8 × C4 is not a subgroup of G .
Indeed, assume that 〈a, t | a4 = t2 = 1, at = a−1〉 × 〈b〉, where 〈b〉 ∼= C4, is a subgroup of G . Then
[t,ab] = [t,a] = 1 and (ii3) implies 〈t,ab〉 ∼= D8. It follows (ab)t = (ab)−1 = a−1b−1 and (ab)t = atbt =
a−1b, a contradiction.
(ii5) Each maximal abelian subgroup A is of type (4,2, . . . ,2). In particular, C4 × C4 is not a subgroup of G .
By (ii2) and (ii3), A is not elementary abelian, A is normal in G , and assume that A has a subgroup
〈a〉 × 〈b〉 ∼= C4 × C4. Since D8 is a subgroup of G , there is an involution t ∈ G − A. By (ii1) and (ii4),
t either centralizes 〈a,b〉 or t inverts each element of 〈a,b〉. Suppose that t centralizes 〈a,b〉 and let
x be any element of order 4 in A. By (ii1), t normalizes 〈x〉 (since [t, x] = 1 implies 〈t, x〉 ∼= D8) and
again by (ii4), t centralizes x. But elements of order 4 in A generate A and so t centralizes A, a
contradiction. Hence t acts invertingly on 〈a,b〉 and by (ii4), t inverts each element of order 4 in A.
It follows that t acts invertingly on A. This implies that each minimal nonabelian subgroup of A〈t〉 is
isomorphic to D8 and so A〈t〉 = G and there are no involutions in G − (A〈t〉). We have G = (A〈t〉)S
with (A〈t〉)∩ S = A, where S = A and all elements in S − A are of order 4. Let v ∈ S − A. If [v, t] = 1,
then (ii3) implies that 〈v, t〉 ∼= D8. But then vt ∈ G − (A〈t〉) and vt is an involution, a contradiction.
It follows that t commutes with each element in S − A and so [S, t] = 1 and t centralizes A, a
contradiction. We have proved that any maximal abelian subgroup A of G is of type (4,2, . . . ,2).
(ii6) If v ∈ G − A is such that v2 /∈1(A), then v centralizes Ω1(A).
Let a be an element of order 4 in A so that (by (ii5)) A = 〈a〉Ω1(A) with 〈a〉 ∩ Ω1(A) = 〈a2〉 =1(A). Suppose that there is t ∈ Ω1(A) such that [v, t] = 1. Then 〈v, t〉 ∼= D8 and so vt = v−1 and
t′ = vt is an involution in Av . By (ii5), [a, v] = 1 and so 〈a, v〉 ∼= H2. We have [av, t] = [v, t] = v2 = 1
and so 〈av, t〉 ∼= D8 which gives
v2 = [av, t] = (av)2 = a2v2[v,a], [v,a] = a2, av = a−1,
and (av)2 = v2. We compute
(av)t
′ = (av)vt = (a−1v)t = a−1v−1 = (av)a2v2 = av,
since a2 = v2 and so 〈av, t′〉 ∼= D8 which implies (av)t′ = (av)−1 = (av)(av)2 = (av)v2, a contradiction
with the above.
(ii7) If t is any involution in G − A, then t does not centralize Ω1(A).
Suppose that t centralizes Ω1(A) so that CA(t) = Ω1(A). In that case t inverts each element in A.
If v is an element of order 4 in A, then A = 〈v〉Ω1(A) with 〈v〉∩Ω1(A) = 〈v2〉 =1(A) and vt = v−1.
Since |1(G)| 4, there is an element g ∈ G − (A〈t〉) such that g2 = v2. By (ii6), g centralizes Ω1(A)
and so [g, v] = 1 which implies that 〈g, v〉 ∼= H2. If vg = v−1, then vgt = (v−1)t = v and gt central-
izes A, a contradiction. It follows that vg = vg2 and so vgt = (vg2)t = v−1g2 = v(v2g2). If [g, t] = 1,
then 〈g, t〉 ∼= D8, gt is an involution which does not normalize 〈v〉, a contradiction. Hence [g, t] = 1,
o(gt) = 4, (gt)2 = g2 and so 〈v, gt〉 ∼= H2 with 〈v, gt〉′ = 〈v2g2〉 which implies that v2g2 is a square
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(ii8) We consider a ﬁnal conﬁguration which will produce a contradiction.
Let H = 〈g, v | g4 = v4 = 1, vg = v−1〉 be a subgroup of G . Let A be maximal abelian subgroup
of G containing 〈v, g2〉 ∼= C4 × C2. Since g centralizes Ω1(A) (by (ii6)), g acts invertingly on A, all
elements in Ag are of order 4, and A〈g〉 ∼= H2 × E2s , s  0. Since D8 is a subgroup of G , there is an
involution t ∈ G− (A〈g〉). By (ii7), t does not centralize Ω1(A) and we see that also gt and vgt do not
centralize Ω1(A). If [g, t] = 1, then (gt)2 = g2 /∈1(A) and then (ii6) gives a contradiction. Similarly,
if [vg, t] = 1, then (vgt)2 = (vg)2 = g2 /∈1(A) and again (ii6) gives a contradiction. We have proved
that [g, t] = 1 , [vg, t] = 1 and so 〈g, t〉 ∼= 〈vg, t〉 ∼= D8 which gives gt = g−1 and (vg)t = (vg)−1. We
compute
(vg)t = (vg)−1 = (vg)(vg)2 = (vg)g2 = vg−1 = vt gt = vt g−1,
and so vt = v . Let s ∈ Ω1(A) − CΩ1(A)(t) so that 〈s, t〉 ∼= D8, w = ts is an element of order 4 in the
coset At and wt = w−1. Since w commutes with v , (ii5) implies w2 = v2 and 〈w, g〉 ∼= H2 with
gw = gts = g−1. Hence gw is an element of order 4 and
(gw)t = g−1w−1 = (gg2)(ww2) = (gw)(g2v2) = gw.
By (ii3), 〈gw, t〉 ∼= D8 which implies (gw)t = (gw)−1 On the other hand,
(gw)t = (gw)−1 = (gw)(gw)2 = (gw)w2 = (gw)v2,
which contradicts the above result (gw)t = (gw)(g2v2). We have proved that exp(G) > 4.
(iii) It remains to determine the structure of G in case exp(G) > 4.
By (i) and Proposition 1.3, A is a maximal subgroup of G , all elements in G − A are of order
 4, exp(A) 8 and for each g ∈ G − A, g acts invertingly on A/Ω1(A) and on 1(A). If a ∈ A with
o(a) = 8 and g ∈ G − A, then ag = a−1ζ , ζ ∈ Ω1(A) and so [a, g] = a−1ag = a−2ζ , where o(a−2ζ ) = 4
and therefore |G ′| > 2. This gives together with |G| = 2|Z(G)|G ′| that A is a unique abelian maximal
subgroup of G . Since D8 is a subgroup of G , there is an involution t ∈ G − A.
Let v be an element of order 4 in A. Then vt = v−1η, η ∈ Ω1(A) and so [v, t] = v−2η ∈ Ω1(A) and
1 = [v, t2] = [v, t][v, t]t which gives [v, t]t = [v, t]. If [v, t] = 1, then [v, t] is an involution commuting
with v and t and so 〈v, t〉′ = 〈[v, t]〉 which implies that 〈v, t〉 is minimal nonabelian (Proposition 1.4).
Hence in that case 〈[v, t]〉 ∼= D8 and so vt = v−1. We have proved that t either centralizes or inverts
each element of order 4 in A.
Assume that A0 = CA(t) = Z(G) is not elementary abelian in which case exp(A0) = 4. Since t acts
invertingly on 1(A), there is an element v of order 4 in A − A0 such that vt = v−1 and v2 ∈ A0. Let
w be an element of order 4 in A0. If w2 = v2, then vw is an element of order 4 in A − A0 and so
(vw)t = (vw)−1 = v−1w−1 = vt wt = v−1wt ,
which implies wt = w−1, a contradiction. Hence w2 = v2, A0 is of type (4,2, . . . ,2) and 1(A0〈v〉) =
〈v2〉.
Suppose that there is an element y of order 4 in A − (A0〈v〉) so that yt = y−1 and y2 ∈ A0.
If y2 = v2, then yv is an involution in A − (A0〈v〉) centralized by t , a contradiction. If there is an
involution u ∈ A−(A0〈v〉), then o(uv) = 4 and uv ∈ A−(A0〈v〉). Hence, in case that Ω2(A) > (A0〈v〉),
we have an element y of order 4 in Ω2(A) − (A0〈v〉) with y2 ∈ A0 and y2 = v2. For each l ∈ A0〈v〉,
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inverted by t . Since 〈y(A0〈v〉)〉 = A0〈y, v〉, t acts invertingly on A0〈v〉. This is a contradiction because
for an element w of order 4 in A0, we have wt = w . We have proved that Ω2(A) = A0〈v〉 and
A0〈v, t〉 = A0 ∗ 〈v, t〉 with 〈v, t〉 ∼= D8, A0 ∩ 〈v, t〉 = 〈v2〉 = Z(〈v, t〉) and 1(A0) = 〈v2〉 so that each
minimal nonabelian subgroup in A0〈v, t〉 is isomorphic to D8 or Q 8.
Since H2 is a subgroup of G , there is a ∈ A − (A0〈v〉) such that (at)2 ∈ A0 − 〈v2〉 and vat = v−1 so
that 〈at, v〉 ∼= H2 with 〈at, v〉′ = 〈v2〉. Note that vw (with w ∈ A0 and w2 = v2 ) is an involution in
(A0〈v〉)− A0 and (vw)at = (vw)t = (vw)v2 and so 〈at, vw〉 is the non-metacyclic minimal nonabelian
of order 24, a contradiction.
We have proved that A0 = CA(t) = Z(G) is elementary abelian. Then all elements of order 4 in
Ω2(A) are inverted by t and so t acts invertingly on Ω2(A) and therefore CA(t) = Z(G) = Ω1(A).
Since H2 is not a subgroup of Ω2(A)〈t〉, there is a ∈ A − Ω2(A) and v ∈ Ω2(A) − Ω1(A) such that
(at)2 = ζ = 1, ζ ∈ Ω1(A), vat = v−1 and ζ = v2. We have atat = ζ and so at = a−1ζ . If 1(A) is cyclic,
then v2 ∈1(A) and so we must have in that case ζ /∈1(A).
(iv) We have obtained 2-groups stated in Theorem 1.1.
It is easy to check that all these 2-groups satisfy the assumptions of our theorem. Indeed, let G be
a 2-group described in the second paragraph of Theorem 1.1. Since t inverts each element in Ω2(A),
we have CA(t) = Ω1(A) = Z(G). Let xt be any element in G − A, where x ∈ A. Then xt also acts
invertingly on Ω2(A) and on A/Ω1(A). We get (xt)2 = xtxt = xxt = x(x−1s) = s, where s ∈ Ω1(A) so
that o(xt)  4. Let w be an element of order 4 in 1(A) such that ζ /∈ 〈w〉. From at = a−1ζ we get
(at)2 = ζ = 1 and so 〈w〉 ∩ 〈at〉 = {1} together with wat = wt = w−1 implies that 〈at,w〉 ∼= H2. Also,
〈w, t〉 ∼= D8 and therefore we have proved that both D8 and H2 actually appear as subgroups of G .
Let H be any minimal nonabelian subgroup of G so that H  A. Let c ∈ H − A and d ∈ (H ∩ A) −
Φ(H) so that H = 〈c,d〉 and o(c) 4. Suppose that o(d) 8. In that case, dc = d−1r with r ∈ Ω1(A)
so that [d, c] = d−2r is of order  4, a contradiction. Hence o(d)  4 and in fact o(d) = 4 since
Ω1(A) Z(G). Since c acts invertingly on Ω2(A), we have dc = d−1. If o(c) = 2, then H = 〈c,d〉 ∼= D8.
If o(c) = 4 and c2 = d2, then H ∼= Q 8. If o(c) = 4 and c2 = d2, then H ∼= H2 and we are done.
3. Proof of Theorem 1.6
Let G be a 2-group satisfying the assumptions of Theorem 1.6 and let A be any maximal normal
abelian subgroup of G and g ∈ G − A. Set T = A〈g〉, A0 = CA(g) so that A0 < A, T0 = A0〈g〉 is
abelian, T0 < T and T /A is cyclic. Let T1  T with T1 > T0 and |T1 : T0| = 2. Set A1 = T1 ∩ A so that
T1 = A1〈g〉. Let a ∈ A1 − A0 so that a2 ∈ A0 and [a, g] ∈ A ∩ T0 = A0  Z(T1). We have 1 = [a2, g] =
[a, g]a[a, g] = [a, g]2 so that [a, g] is an involution commuting with a and g and therefore 〈a, g〉 is
minimal nonabelian. In particular, o(a) < 2e and o(g) < 2e . Since A1 = 〈A1 − A0〉 (and A1 is abelian),
we have exp(A1) < 2e . We have proved that for each g ∈ G − A, o(g) < 2e and A0 = CA(g) is of
exponent < 2e .
Let g ∈ G − A with g2 ∈ A and let a ∈ A be a ﬁxed element in A with o(a) = 2e . Set ag = a−1w
for some w ∈ A. We have w = aag = a(g−1ag) = ag−2gag = g−2(ag)2. Since o(g) 2e−1 and o(ag)
2e−1, we get o(w) 2e−2. Hence a2e−2 = b is of order 4 and
bg = (a2e−2)g = (ag)2e−2 = (a−1w)2e−2 = a−2e−2 = b−1.
Hence each element g ∈ G − A with g2 ∈ A inverts the element b of order 4 in A. This implies that
G/A has only one subgroup of order 2 and therefore G/A is either cyclic or generalized quaternion
and 〈b, g〉 is metacyclic and minimal nonabelian.
Suppose that G possesses another maximal normal abelian subgroup B of G , B = A. Then all
elements in G − A are of order < 2e , all elements in A − B = A − (A ∩ B) are of order < 2e and since
an element b ∈ B − (A ∩ B) centralizes A ∩ B , we have also exp(A ∩ B) < 2e . But then exp(G) < 2e ,
a contradiction.
The notation and elementary results are taken from [1].
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